We discuss and investigate the geometrical structure of general multipartite states. In particular, we show that a geometrical measure of entanglement for general multipartite states can be constructed by the complex projective varieties defined by quadratic polynomials.
Introduction
Quantum entanglement can be used as resource for performing some useful task such as quantum cryptography and quantum teleportation which are classically impossible. Moreover, entangled cluster states are very useful building block of one-way quantum computer as a scheme for universal quantum computation. In quantum mechanics the geometry of pure quantum state is completely described by complex projective space CP n which is the set of all one-dimensional subspaces of complex vector space C n+1 . Moreover, the geometry of bipartite and multipartite product states are described by a map called Segre embedding of complex multi-projective spaces [1, 2, 3, 4, 5] . In this paper we will investigate geometrical structure of multipartite states. We will also construct a measure of entanglement for general multipartite states based on these complex projective varieties. In particular, in the section 2 we will give a short introduction to the complex affine algebraic and projective varieties. In the section 3 we will define the Segre variety and some other complex multi-projective varieties which enable us to construct a measure entanglement for general multipartite states. But before that, denote a general, composite quantum system with m subsystems as
where the dimension of the jth Hilbert space is N j = dim(H Qj ). In particular, we denote a pure two-qubit state by Q p 2 (2, 2), where additional superscript p indicates that we are considering pure state of a quantum system. Next, let ρ Q denote a density operator acting on H Q . The density operator ρ Q is said to be fully separable, which we will denote by ρ 
Complex projective variety
In this short section we will give an introduction to the complex affine and projective varieties. Let C be a complex algebraic field. Then an affine n-space over C denoted C n is the set of all n-tuples of elements of C. An element P ∈ C n is called a point of C n and if P = (a 1 , a 2 , . . . , a n ) with a j ∈ C, then a j is called the coordinates of P . Let C[z] = C[z 1 , z 2 , . . . , z n ] denotes the polynomial algebra in n variables with complex coefficients. Then, given a set of q polynomials {g 1 , g 2 , . . . , g q } with g i ∈ C[z], we define a complex affine variety as
For example the space C n , the empty set and one-point sets are trivial affine algebraic varieties given by V C (0) = C n , V C (1) = ∅, and
Let V C be complex affine algebraic variety. Then an ideal of C[z 1 , z 2 , . . . , z n ] is defined by
Note also that V C (I(V C )) = V C . Moreover, we define a coordinate ring of an affine variety
A complex projective space CP n is defined to be the set of lines through the origin in C n+1 , that
. Given a set of homogeneous polynomials {g 1 , g 2 , . . . , g q } with g i ∈ C[z], we define a complex projective variety as
where O = [a 1 , a 2 , . . . , a n+1 ] denotes the equivalent class of point {α 1 , α 2 , . . . , α n+1 } ∈ C n+1 . We can view the affine complex variety V C (g 1 , g 2 , . . . , g q ) ⊂ C n+1 as a complex cone over the complex projective variety V(g 1 , g 2 , . . . , g q ). The ideal and coordinate ring of complex projective variety can be defined in similar way as in the case of complex algebraic affine variety by considering the complex projective space and it's homogeneous coordinate.
3 Multi-projective variety and multipartite entanglement measure
In this section, we will review the construction of the Segre variety [3] . Then, we will discuss the construction of a measure of entanglement for general multipartite states based on an extension of the definition of the Segre variety. Let We can also partition the Segre embedding as follows:
. . N m , and P denotes the complex projective space. For the Segre variety, which is represented by a completely decomposable tensors, the above diagram commutate, that is S N1,N2,...,Nm = (S N1,...,N l ⊗ I) N l+1 N l+2 ...Nm−1 . Now, we define an entanglement measure for a pure multipartite state as
where N is a normalization constant and j = 1, 2, . . . , m. This measure coincides with the generalized concurrence for a general bipartite and 3-partite state, but for reasons that we have explained in [3] , it fails to quantify the entanglement for m ≥ 4, whereas it still provides the condition of full separability. However, it is still possible to define an entanglement measure for general multipartite states if we modify equation (8) in such a way that it contains all possible permutations of indices. In our recent paper [4] we have proposed a measure of entanglement for general pure multipartite states as
where σ ∈ Perm(u) denotes all possible sets of permutations of indices for which k 1 k 2 . . . k m are replace by l 1 l 2 . . . l m , and u is the number of indices to permute. By construction this measure of entanglement vanishes on product states and it is also invariant under all possible permutations of indices. Note that the first set of permutations defines the Segre variety, but there are also additional complex projective varieties embedded in CP N1N2···Nm−1 which are defined by other sets of permutations of indices in equation (11). These varieties are defined by similar quadratic polynomials as those used to define the Segre variety. For example these varieties are defined by T N = ∀σ∈Perm(u),kj ,lj ,j=1,2,...,m V(α k1,k2,...,km α l1,l2,...,lm (10)
which also include the Segre variety. As we have shown the Segre variety is defined by completely decomposable tensor but these new varieties are can be partially decomposable tensors. We can also apply the same procedure as in the case of the concurrence to define a measure of entanglement for arbitrary multipartite states where infimum are taken over all pure decompositions of the density matrix ρ Q acting on the Hilbert space H Q . However, this operating is not a easy task to perform. Thus, we have shown that we can easily use advanced mathematical tool of algebraic geometry such as complex multi-projective varieties to construct measure of entanglement for general multipartite states.
